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Abstract The main purpose of this paper is to study a general delay difference
system of the growth of two species of plankton having competing and allelopathic
effects on each other. We first show that the system is permanent under some suitable
assumptions. Next, by using the continuous theorem of coincidence degree theory and
constructing a Lyapunov function, a set of sufficient conditions which guarantee the
existence and global attractivity of positive periodic solutions are obtained. Finally,
two examples together with their numerical simulations are presented to illustrate the
feasibility of our main results.

Keywords Delay difference system · Permanence · Global attractivity ·
Periodic solutions · Allelopathy

1 Introduction

Allelopathy is a biological phenomenon that is characteristic of any process involving
secondary metabolites produced by some plant, algae, bacteria and fungi that influ-
ences the growth and development of biological systems, which was first used by Hans
[1] in 1937 to describe biochemical interactions that inhibit the growth of neighboring
plants, by another plant. This phenomenon exists in many fields such as agriculture,
desert shrubs, forests and so on. Especially, the dynamic behaviors of phytoplank-
ton are of great interest in mathematical biology, which deeply attract the attention
of many scholars. Therefore, the study of tremendous fluctuations in abundance of
many phytoplankton communities is one of the popular subjects in aquatic ecology.
Recently, many investigations have been conducted to study the effect of toxic
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substances on plankton allelopathy by using mathematical models and many excellent
results have been derived (see [2–13] and references cited therein). Maynard Smith
[14] and finally Chattopadhyay [15] modified a traditional Lotka-Volterra two species
competition system by considering that each species produces a substance toxic to
the other but only when the other is present and studied the stability properties of the
following system

{ dx1(t)
dt

= x1(t)[r1 − a11x1(t) − a12x2(t) − b1x1(t)x2(t)],
dx2(t)

dt
= x2(t)[r2 − a21x1(t) − a22x2(t) − b2x1(t)x2(t)],

(1.1)

where x1(t), x2(t) stand for the population densities of two competing species; r1, r2
are intrinsic growth rates of two competing species; a11, a22 are the coefficients of
intra-specific competition of the first and second species, respectively; a12, a21 are the
coefficients of inter-specific competition of the first and second species, respectively;
r1/a11 and r2/a22 are environmental carrying capacities. The terms b1x1(t)x2(t) and
b2x1(t)x2(t) denote the effect of toxic substances. Here, they made the assumption that
each species produces a substance toxic to the other, only when the other is present.

Noticing that the production of allelopathic substance by the competing species
will not be instantaneous, but mediated by some time lag required for maturity of the
species. On the other hand, considering any biological and environmental parameters
are naturally subject to fluctuation in time. The effects of a periodically varying envi-
ronment are important for evolutionary theory as the selective forces on systems in a
fluctuating environment differ from those in a stable environment. Therefore, Moti-
vated by Jin and Ma [16], considering the distributed delay and periodic changing of
environment, we have modified system (1.1) in the form

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dx1(t)
dt

= x1(t)[r1(t)−a11(t)x1(t)−a12(t)x2(t)−b1(t)x1(t)
0∫

−τ

K2(s)x2(t+s)ds],
dx2(t)

dt
= x2(t)[r2(t)−a21(t)x1(t)−a22(t)x2(t)−b2(t)x2(t)

0∫
−τ

K1(s)x1(t+s)ds],
(1.2)

where ri (t), ai j (t), bi (t), i, j = 1, 2 are nonnegative continuous functions, τ is a

positive constant, Ki (t) ∈ C ([−τ, 0), (0,+∞)) and
∫ 0
−τ

Ki (s)ds = 1, i = 1, 2.
Although much progress has been seen in the model of plankton allelopathy, such

models are not well studied in the sense that most results are continuous time versions
related. Many authors [17–19]have argued that the discrete time models governed by
difference equations are more appropriate than the continuous ones when populations
have a short life expectancy, non-overlapping generations in the real word. Discrete
time models can also provide efficient computational models of continuous models for
numerical simulations. So it is reasonable to study discrete time competitive systems
governed by difference equations. Though there are many excellent works about the
system of plankton allelopathy with discrete time delay [5,13], no such work has been
done for the (1.2), which has a distributed delay.
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A semi-discretization technique and method in formulating a discrete time analogue
of the continuous time system (1.2) is proposed. This method has been employed else-
where(see details in [20–22]) in the formulation of discrete-time analogues of contin-
uous-time dynamical systems modelling population dynamics. For the simplicity and
convenience of exposition, throughout this paper, we let Z, Z

+, R
+ and R

2 denote the
sets of all integers, nonnegative integers, nonnegative real numbers, and two-dimen-
sional Euclidian vector space, respectively. We begin approximating the continuous
time system by replacing the integral term with discrete sums of the form

0∫
−τ

Ki (s)xi (t + s)ds =
τ∫

0

Ki (−s)xi (t − s)ds

≈
M∑

[ s
h

]=0

Ki

(
−
[ s

h

]
h
)

xi

([
t

h

]
h −

[ s

h

]
h

)
w(h)

for t ∈ [nh, (n + 1)h], s ∈ [ph, (p + 1)h], n, p ∈ Z
+, i = 1, 2, where [·] denotes

the greatest integer function. M = [
τ
h

]
, w(t) = h + O(h) for h > 0, and h is a fixed

number denoting a uniform discretization step size. Following this, we approximate
(1.2) by differential equations with piecewise constant arguments of the form⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx1(t)
dt

= x1(t)

⎡
⎣r1

([ t
h

]
h
)−a11

([ t
h

]
h
)

x1
([ t

h

]
h
)−a12

([ t
h

]
h
)

x2
([ t

h

]
h
)

− b1
([ t

h

]
h
)

x1
([ t

h

]
h
) M∑
[ s

h

]=0

K2
(− [ s

h

]
h
)

x2
([ t

h

]
h− [ s

h

]
h
)

h

⎤
⎦,

dx2(t)
dt

= x2(t)

⎡
⎣r2

([ t
h

]
h
)−a21

([ t
h

]
h
)

x1
([ t

h

]
h
)−a22

([ t
h

]
h
)

x2
([ t

h

]
h
)

−b2
([ t

h

]
h
)

x2
([ t

h

]
h
) M∑
[ s

h

]=0

K1
(− [ s

h

]
h
)

x1
([ t

h

]
h− [ s

h

]
h
)

h

⎤
⎦

(1.3)

for t ∈ [nh, (n +1)h), s ∈ [ph, (p +1)h), n, p ∈ Z
+. Noting that

[ t
h

] = n,
[ s

h

] = p,
we rewrite (1.3) as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx1(t)
dt

= x1(t)

[
r1(nh) − a11(nh)x1(nh) − a12(nh)x2(nh)

−b1(nh)x1(nh)
M∑

p=0
k2(ph)x2(nh − ph)h

]
,

dx2(t)
dt

= x2(t)

[
r2(nh) − a21(nh)x1(nh) − a22(nh)x2(nh)

−b2(nh)x2(nh)
M∑

p=0
k1(ph)x1(nh − ph)h

]
,

(1.4)
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where ki (ph) = Ki (−ph), i = 1, 2. We integrate system (1.4) over [nh, t), where
t < (n + 1)h, then

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1(t) = x1(nh) exp

{[
r1(nh) − a11(nh)x1(nh) − a12(nh)x2(nh)

−b1(nh)x1(nh)
M∑

p=0
k2(ph)x2(nh − ph)h

]
(t − nh)

}
,

x2(t) = x2(nh) exp

{[
r2(nh) − a21(nh)x1(nh) − a22(nh)x2(nh)

−b2(nh)x2(nh)
M∑

p=0
k1(ph)x1(nh − ph)h

]
(t − nh)

}
.

(1.5)

Denoting xi (n) = xi (nh), ri (n) = ri (nh)h, ai j (n) = ai j (nh)h, bi (n) = bi (nh)h
and ki (n) = ki (nh)h, i, j = 1, 2. Meanwhile, allowing t → (n + 1)h in (1.5) and
simplifying, we obtain a discrete time analogue of the continuous time system (1.2)
given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x1(n + 1) = x1(n) exp

{
r1(n) − a11(n)x1(n) − a12(n)x2(n)

−b1(n)x1(n)
M∑

p=0
k2(p)x2(n − p)

}
,

x2(n + 1) = x2(n) exp

{
r2(n) − a21(n)x1(n) − a22(n)x2(n)

−b2(n)x2(n)
M∑

p=0
k1(p)x1(n − p)

}
,

xi (�) ≥ 0, � ∈ [−p, 0] ∩ Z; xi (0) > 0, i = 1, 2.

(1.6)

One can show that the discrete-time analogue (1.6) converges to continuous-time
system (1.2). Here, as far as system (1.6) is concerned, several issues are proposed.

(1) Is it possible to obtain a set of sufficient conditions which guarantee the perma-
nence of the system?

(2) Is it possible to obtain a set of sufficient conditions which guarantee the exis-
tence of positive periodic solutions of the system? If exists, whether it is globally
attractive or not.

The aim of this paper is to give an affirmative answer to the above issues. To the
best of our knowledge, no work have been done for the delay difference system (1.6).

Throughout this paper, it is assumed that {ri (n)}, {ai j (n)}, {bi (n)}, i, j = 1, 2 are
bounded nonnegative sequences, Ki (p), i = 1, 2 is bounded positive sequence, we
use the notation f u = supt∈Z+ f (t), f l = inf t∈Z+ f (t) for any bounded sequence
{ f (t)}. Meanwhile, we make a convention that

∑n
t=m f (t) = 0 if m > n.
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The rest of this paper is organized as follows. We study the persistent property of
(1.6) in Sect. 2 and the periodic property in Sect. 3. As an application of our main
results, we give two examples in Sect. 4.

2 Permanence

This section devotes to investigate the persistent property of system (1.6). To do so,
we need to make some preparations. For convenience, we first introduce the definition
of permanence.

Definition 2.1 System (1.6) is said to be permanent if there exist positive constants
mi and Mi such that

mi ≤ lim inf
n→+∞ xi (n) ≤ lim sup

n→+∞
xi (n) ≤ Mi , i = 1, 2

for any positive solution {(x1(n), x2(n))	} of (1.6).

Next, we will introduce the following Lemmas 2.1 and 2.2 which are given by
Lemmas 1 and 2 in [23], respectively.

Lemma 2.1 Assume that {x(n)} satisfies x(n) > 0 and

x(n + 1) ≤ x(n) exp
[
r(n)(1 − αx(n))

]

for n ∈ [n1,+∞), where α is a positive constant and n1 ∈ Z
+. Then

lim sup
n→+∞

x(n) ≤ 1

αru
exp(ru − 1).

Lemma 2.2 Assume that {x(n)} satisfies x(n) > 0 and

x(n + 1) ≥ x(n) exp
[
r(n)(1 − αx(n))

]

for n ∈ [n2,+∞), lim supn→+∞ x(n) ≤ M and x(n2) > 0, where α is a positive
constant such that αM > 1 and n2 ∈ Z

+. Then

lim inf
n→+∞ x(n) ≥ 1

α
exp
[
ru(1 − αM)

]
.

Before stating Theorem 2.1, for the simplicity and convenience of exposition, we
set

�ε
i = au

ii +bu
i (M j +ε)(M+1)ku

j

rl
i −au

i j (M j +ε)
, �i = lim

ε→0
�ε

i , i, j = 1, 2 and i 
= j.
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Here, ε is a sufficiently small positive constant. Meanwhile, M1 and M2 are defined
in (2.3) and (2.4), respectively.

We are now in a position to state our main result of this section on the permanence
of (1.6).

Theorem 2.1 Assume that

min
{

rl
1 − au

12 M2, rl
2 − au

21 M1

}
> 0, (2.1)

min
{
�1 M1, �2 M2

}
> 1. (2.2)

Then system (1.6) is permanent.

Proof Since x1(0) > 0 and x2(0) > 0, then we let {(x1(n), x2(n))	} be any positive
solution of (1.6). To prove Theorem 2.1, we divide into the following two steps.

Step I. According to Definition 2.1, we will prove {(x1(n), x2(n))	} satisfies

lim sup
n→+∞

x1(n) ≤ M1, lim sup
n→+∞

x2(n) ≤ M2.

It follows from the first equation of (1.6) that

x1(n + 1) ≤ x1(n) exp[r1(n) − al
11x1(n)] ≤ x1(n) exp

{
r1(n)

[
1 − al

11

ru
1

x1(n)

]}
.

Applying Lemma 2.1, we can obtain that

lim sup
n→+∞

x1(n) ≤ exp(ru
1 − 1)

al
11

.= M1. (2.3)

From the second equation of (1.6), similar to above analysis, we have

lim sup
n→+∞

x2(n) ≤ exp(ru
2 − 1)

al
22

.= M2. (2.4)

Step II. In this step we will prove {(x1(n), x2(n))	} satisfies

lim inf
n→+∞ x1(n) ≥ m1, lim inf

n→+∞ x2(n) ≥ m2,

where m1, m2 are defined in (2.7) and (2.8), respectively.
For any sufficiently small ε > 0, it follows from (2.1) and (2.2) that

rl
1 − au

12(M2 + ε) > 0, �ε
1 M1 > 1. (2.5)
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For the above ε > 0, in view of (2.4), there exists a positive integer n0 such that
x2(n) ≤ M2 + ε for all n ≥ n0. Thus, by the first equation of (1.6), it gives that

x1(n + 1) ≥ x1(n) exp
{

rl
1 − au

12(M2 + ε) − [au
11 + bu

1(M2 + ε)(M + 1)ku
2 ]x1(n)

}
= x1(n) exp

{
[rl

1 − au
12(M2 + ε)][1 − �ε

1x1(n)]
}
. (2.6)

By Lemma 2.2, it follows from (2.3), (2.5) and (2.6) that

lim inf
n→+∞ x1(n) ≥ exp{[rl

1 − au
12(M2 + ε)](1 − �ε

1 M1)}
�ε

1
,

and letting ε → 0, we can obtain that

lim inf
n→+∞ x1(n) ≥ exp[(rl

1 − au
12 M2)(1 − �1 M1)]

�1

.= m1. (2.7)

Similar to above argument, we can also show that

lim inf
n→+∞ x2(n) ≥ exp[(rl

2 − au
21 M1)(1 − �2 M2)]

�2

.= m2 (2.8)

from the second equation of (1.6).
Combing the above Steps I and II, we have proved that (1.6) is permanent. This

completes the proof. ��

3 Existence and global attractivity of positive periodic solutions

In this section, we investigate the periodic property of system (1.6). At first, by using
the continuous theorem of coincidence degree theory, sufficient conditions for the
existence of positive periodic solutions are derived.

For the convenience of the readers, we always assume that ri , ai j , bi , i, j = 1, 2
are nonnegative sequences with common periodic ω for (1.6), where ω is a fixed
positive integer, denotes the prescribed common period of the parameters in (1.6).
The exponential form of the equations in (1.6) ensures that any forward trajectory
{(x1(n), x2(n))	} of (1.6) with n > 0 remains positive for all n ∈ Z

+.
In order to obtain sufficient conditions for the existence of positive periodic solu-

tions of (1.6), for convenience, we shall summarize in the following a few concepts
and results from [24] that will be useful in this section.

Let X and Y be two Banach spaces. Consider an operator equation

Lx = λN x, λ ∈ (0, 1),
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where L : Dom L ∩ X → Y is a linear operator and λ is a parameter. Let P and Q
denote two projectors such that

P : X ∩ Dom L → Ker L and Q : Y → Y/Im L .

Denote by J : Im Q → Ker L an isomorphism of Im Q onto Ker L . Recall that a
linear mapping L : Dom L ∩ X → Y with Ker L = L−1(0) and Im L = L(Dom L),
will be called a Fredholm mapping if the following two conditions hold:

(S1) Ker L has a finite dimension;
(S2) Im L is closed and has a finite codimension.

Recall also that the codimension of Im L is the dimension of Y/Im L , i.e., the
dimension of the cokernel coker L of L .

When L is a Fredholm mapping, its index is the integer Ind L = dim Ker L −
codim Im L .

We shall say that a mapping N is L−compact on 	 if the mapping QN : 	̄ → Y is
continuous. QN (	̄) is bounded, and K p(I − Q)N : 	̄ → X is compact, i.e., it is con-
tinuous and K p(I −Q)N (	̄) is relatively compact, where K p : Im L−Dom L∩Ker P
is an inverse of the restriction L p of L to Dom L ∩ Ker P , so that L K p = I and
K p = I − P . In the sequel, we will use the following result of Mawhin [24].

Lemma 3.1 Let X and Y be two Banach spaces and let L be a Fredholm mapping of
index zero. Assume that N : 	̄ → Y is L−compact on 	̄ with 	 open bounded in X.
Furthermore assume:

(D1) for each λ ∈ (0, 1), x ∈ ∂	 ∩ Dom L , Lx 
= λN x;
(D2) QN x 
= 0 for each x ∈ ∂	 ∩ Ker L;
(D3) deg{J QN x,	 ∩ Ker L , 0} 
= 0.

Then the equation Lx = N x has at least one solution in Dom L ∩ 	̄.

In what follows, we shall use the following notations:

Iω = {0, 1, . . . , ω − 1}, ḡ = 1

ω

ω−1∑
t=0

g(t), gL = min
t∈Iω

g(t), gU = max
t∈Iω

g(t),

where {g(t)} is an ω−periodic sequence of real numbers defined for t ∈ Z. The
following result was given by Lemma 3.2 in [25].

Lemma 3.2 Let f : Z → R be ω−periodic, that is, f (n + ω) = f (n), then for any
fixed n1, n2 ∈ Iω and any n ∈ Z, one has

f (n) ≤ f (n1) +
ω−1∑
s=0

| f (s + 1) − f (s)|,

f (n) ≥ f (n2) −
ω−1∑
s=0

| f (s + 1) − f (s)|.
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Denote

l2 =
{

x = {x(n)} : x(n) ∈ R
2, n ∈ Z

}
.

For a = (a1, a2)
	 ∈ R

2, define |a| = max{a1, a2}. Let lω ⊂ l2 denote the subspace
of all ω−periodic sequences equipped with the usual supremum norm ‖ · ‖, i.e.,

‖x‖ = max
n∈Iω

|x(n)| for x = {x(n) : n ∈ Z} ∈ lω.

Then it follows that lω is a finite dimensional Banach space.
Let

lω0 =
{

x = {x(n) ∈ lω} :
ω−1∑
n=0

x(n) = 0
}
,

lωc =
{

x = {x(n) ∈ lω} : x(n) = h ∈ R
2, n ∈ Z

}
.

Then it follows that lω0 and lωc are both closed linear subspaces of lω and

lω = lω0 ⊕ lωc , dimlωc = 2.

We are now in a position to state one main result of this section on the existence of
positive periodic solutions of (1.6).

Theorem 3.1 Assume that

āii

ā j i
≥ min

{
b̄i
∑M

p=0 k j (p)

b̄ j
∑M

p=0 ki (p)
,

r̄i

r̄ j
e2r̄i ω

}
, i, j = 1, 2 and i 
= j. (3.1)

Then system (1.6) has at least one positive ω−periodic solution.

Proof We first make the change of variables

y1(n) = ln{x1(n)}, y2(n) = ln{x2(n)}.

Then (1.6) can be reformulated as

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

y1(n + 1) − y1(n) = r1(n) − a11(n)ey1(n) − a12(n)ey2(n)

−b1(n)ey1(n)
M∑

p=0
k2(p)ey2(n−p),

y2(n + 1) − y2(n) = r2(n) − a21(n)ey1(n) − a22(n)ey2(n)

−b2(n)ey2(n)
M∑

p=0
k1(p)ey1(n−p).

(3.2)
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It is easy to see that if (3.2) has one ω−periodic solution, then (1.6) has one positive
ω−periodic solution. Therefore, to complete the proof, it is only to show that (3.2)
has at least one ω−periodic solution.

Set X = Y = lω. Denote by L : X → X the difference operator given by
Ly = {(Ly)(n)} with

(Ly)(n) = y(n + 1) − y(n) for y ∈ X and n ∈ Z,

and N : X → X as follows

N

[
y1
y2

]
=

⎡
⎢⎢⎢⎣

r1(n) − a11(n)ey1(n) − a12(n)ey2(n) − b1(n)ey1(n)
M∑

p=0
k2(p)ey2(n−p)

r2(n) − a21(n)ey1(n) − a22(n)ey2(n) − b2(n)ey2(n)
M∑

p=0
k1(p)ey1(n−p)

⎤
⎥⎥⎥⎦

for any (y1, y2)
	 ∈ X and n ∈ Z. It is easy to see that L is a bounded linear operator

and

Ker L = lωc , Im L = lω0 , dim Ker L = 2 = codim Im L ,

then we get that L is a Fredholm mapping of index zero.
Define

P

[
y1
y2

]
= Q

[
y1
y2

]
=

⎡
⎢⎢⎣

1
ω

ω−1∑
s=0

y1(s)

1
ω

ω−1∑
s=0

y2(s)

⎤
⎥⎥⎦ ,

[
y1
y2

]
∈ X = Y.

It is not difficult to show that P and Q are continuous projectors such that

Im P = Ker L , Ker Q = Im L = Im (I − Q).

Furthermore, the inverse (to L) K p : Im L → Dom L ∩ Ker P exists and is given by

K p(y) =
n−1∑
s=0

y(s) − 1

ω

ω−1∑
s=0

(ω − s)y(s).

Then QN : X → Y and K p(I − Q)N : X → X are given by

QN y = 1

ω

ω−1∑
s=0

N y(s)
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and

K p(I − Q)N y =
n−1∑
s=0

N y(s) − 1

ω

ω−1∑
s=0

(ω − s)N y(s) −
(

n

ω
− 1 + ω

2ω

) ω−1∑
s=0

N y(s).

In order to apply Arzela-Ascoli theorem, we need to search for an appropriately open,
bounded subset 	.

Corresponding to the operator equation Ly = λN y, λ ∈ (0, 1), we have

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

y1(n + 1)−y1(n) = λ

[
r1(n)−a11(n)ey1(n)−a12(n)ey2(n)

−b1(n)ey1(n)
M∑

p=0
k2(p)ey2(n−p)

]
,

y2(n + 1)−y2(n) = λ

[
r2(n)−a21(n)ey1(n)−a22(n)ey2(n)

−b2(n)ey2(n)
M∑

p=0
k1(p)ey1(n−p)

]
.

(3.3)

Suppose that y = {y(n)} = {(
y1(n), y2(n)

)	} ∈ X is a solution of (3.3) for a certain
λ ∈ (0, 1). Summing both sides of (3.3) from 0 to ω − 1 with respect to n, we can
derive⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

r̄1ω =
ω−1∑
n=0

[
a11(n)ey1(n) + a12(n)ey2(n) + b1(n)ey1(n)

M∑
p=0

k2(p)ey2(n−p)

]
,

r̄2ω =
ω−1∑
n=0

[
a21(n)ey1(n) + a22(n)ey2(n) + b2(n)ey2(n)

M∑
p=0

k1(p)ey1(n−p)

]
.

(3.4)

It follows from (3.3) and (3.4) for i, j = 1, 2 and i 
= j that

ω−1∑
n=0

|yi (n + 1) − yi (n)| ≤ λ

⎧⎨
⎩

ω−1∑
n=0

⎡
⎣ri (n)+aii (n)eyi (n)+ai j (n)ey j (n)

+bi (n)eyi (n)
M∑

p=0

k j (p)ey j (n−p)

⎤
⎦
⎫⎬
⎭

≤ 2r̄iω. (3.5)

Since y = {y(n)} ∈ X , there exist ξi ∈ Iω such that

yi (ξi ) = min
n∈Iω

{yi (n)}, i = 1, 2.
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It follows from (3.4) that

r̄iω ≥
ω−1∑
n=0

⎡
⎣aii (n)eyi (ξi ) + ai j (n)ey j (ξ j ) + bi (n)eyi (ξi )

M∑
p=0

k j (p)ey j (ξ j )

⎤
⎦

≥
ω−1∑
n=0

aii (n)eyi (ξi ) = ωāi i e
yi (ξi ), i, j = 1, 2 and i 
= j,

which implies

yi (ξi ) ≤ ln
r̄i

āi i
= ln Ai , (3.6)

where Ai = r̄i
āi i

, i = 1, 2. By (3.5), (3.6) and Lemma 3.2, we have

yi (n) ≤ yi (ξi ) +
ω−1∑
s=0

|yi (s + 1) − yi (s)| ≤ ln Ai + 2r̄iω, i = 1, 2. (3.7)

On the other hand, there also exist ηi ∈ Iω such that

yi (ηi ) = max
n∈Iω

{yi (n)}, i = 1, 2.

In view of (3.4), we can obtain

r̄iω ≤
ω−1∑
n=0

⎧⎨
⎩aii (n)eyi (ηi ) + ai j (n)ey j (η j ) + bi (n)eyi (ηi )

M∑
p=0

k j (p)ey j (η j )

⎫⎬
⎭

=
⎧⎨
⎩
⎡
⎣āi i+b̄i

M∑
p=0

k j (p)ey j (η j )

⎤
⎦ eyi (ηi )+āi j e

y j (η j )

⎫⎬
⎭ω, i, j = 1, 2 and i 
= j.

(3.8)

Therefore,

r̄i ≤
⎡
⎣āi i + b̄i

M∑
p=0

k j (p)ey j (η j )

⎤
⎦ eyi (ηi ) + āi j e

y j (η j ),

i, j = 1, 2 and i 
= j. (3.9)
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Then

eyi (ηi ) ≥ r̄i − āi j ey j (η j )

āi i + b̄i

M∑
p=0

k j (p)ey j (η j )

≥
r̄i − āi j

r̄ j
ā j j

e2r̄ j ω

āi i + b̄i

M∑
p=0

k j (p)
r̄ j
ā j j

e2r̄ j ω

= r̄i ā j j − āi j r̄ j e2r̄ j ω

āi i ā j j + b̄i

M∑
p=0

k j (p)r̄ j e2r̄ j ω

.= Bi

for i, j = 1, 2 and i 
= j . That is,

yi (ηi ) ≥ ln Bi , i = 1, 2. (3.10)

By (3.5), (3.10) and Lemma 3.2, we have

yi (n) ≥ yi (ηi ) −
ω−1∑
s=0

|yi (s + 1) − yi (s)| ≥ ln Bi − 2r̄iω, i = 1, 2. (3.11)

Eqs. (3.7) and (3.11) imply

|yi (n)| ≤ max
{
| ln Ai + 2r̄iω|, | ln Bi − 2r̄iω|

}
.= Hi , i = 1, 2. (3.12)

Obviously, Ai , Bi , Hi , i = 1, 2 in (3.12) are independent of λ, respectively. Denote
H = H1 + H2 + h0, where h0 is taken sufficiently large such that the unique solution
(y∗

1 , y∗
2 )	 of the system of algebraic equation

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

r̄1 = ā11ey1 + ā12ey2 + b̄1ey1 ey2
M∑

p=0
k2(p),

r̄2 = ā21ey1 + ā22ey2 + b̄2ey1 ey2
M∑

p=0
k1(p)

(3.13)

satisfies ‖(y∗
1 , y∗

2 )	‖ = max{|y∗
1 |, |y∗

2 |} < h0 (if system (3.13) has at least one solu-

tion). We let 	 := {y : (y1, y2) ∈ X
∣∣∣||y|| < H}, thus the condition (D1) in Lemma

3.1 holds. When y ∈ ∂	 ∩ Ker L = ∂	 ∩ R
2, y = {(y1, y2)

	}, and (y1, y2)
	 is a

constant vector in R
2 with ‖y‖ = H . If (3.13) has at least one solution, then

QN

[
y1
y2

]
=

⎡
⎢⎢⎢⎣

r̄1 − ā11ey1 − ā12ey2 − b̄1ey1 ey2
M∑

p=0
k2(p)

r̄2 − ā21ey1 − ā22ey2 − b̄2ey1 ey2
M∑

p=0
k1(p)

⎤
⎥⎥⎥⎦ 
=

[
0
0

]
.
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If (3.13) does not have one solution, then it is obvious that

QN

[
y1
y2

]

=
[

0
0

]
.

This implies that the condition (D2) in Lemma 3.1 holds.
Now we prove that the condition (D3) in Lemma 3.1 holds. Let J = I : Im Q →

Ker L , (y1, y2) → (y1, y2)
	, it follows that

deg{J QN (y1, y2)
	,	 ∩ KerL , (0, 0)	}

= sgn

⎧⎨
⎩
⎡
⎣ā11b̄2

M∑
p=0

k1(p) − ā21b̄1

M∑
p=0

k2(p)

⎤
⎦ e2y∗

1 +y∗
2

+ [ā11ā22 − ā12ā21] ey∗
1 +y∗

2 +
⎡
⎣ā22b̄1

M∑
p=0

k2(p) − ā12b̄2

M∑
p=0

k1(p)

⎤
⎦ ey∗

1 +2y∗
2

⎫⎬
⎭

= 1 
= 0.

Finally, we will show that N is L−compact on 	̄. For any y ∈ 	̄, we have

‖QN y‖ =
∥∥∥∥∥ 1

ω

ω−1∑
s=0

N y(x)

∥∥∥∥∥ ≤ max
{

rU
1 + aU

11eH1 + aU
12eH2

+bU
1 (M + 1)kU

2 eH1+H2 , rU
2 + aU

21eH1 + aU
22eH2

+bU
2 (M + 1)kU

1 eH1+H2
}

.= E .

Hence, QN (	̄) is bounded. Obviously, QN y : 	̄ → Y is continuous.
It is easy to see that

‖K p(I − Q)N y‖ ≤
ω−1∑
s=0

‖N y(s)‖ + 1

ω

ω−1∑
s=0

(ω − s) ‖N y(s)‖

+1 + 3ω

2ω

ω−1∑
s=0

‖N y(s)‖ ≤ 1 + 7ω

2
E .

For any y ∈ 	̄, n1, n2 ∈ Iω, without loss of generality, let n2 > n1, we have

|K p(I − Q)N y(n2) − K p(I − Q)N y(n1)| =
∣∣∣∣∣
n2−1∑
s=n1

N y(s) − n2 − n1

ω

ω−1∑
s=0

N y(s)

∣∣∣∣∣
≤

n2−1∑
s=n1

|N y(s)| + n2 − n1

ω

ω−1∑
s=0

|N y(s)|

≤ 2E |n2 − n1|.
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Thus, the set {K p(I − Q)N y
∣∣y ∈ 	̄} is equicontinuous and uniformly bounded. By

using the Arzela-Ascoli theorem, we see that K p(I − Q)N : 	̄ → X is compact.
Consequently, N is L−compact.

By now we know that 	 verifies all the requirements in Lemma 3.1 and then system
(3.3) has at least one ω−periodic solution. By the medium of (3.2), we derive that
(1.6) has at least one positive ω−periodic solution. This completes the proof. ��

Next, by constructing a Lyapunov function, we further research the global
attractivity of positive periodic solutions of (1.6), sufficient conditions which guaran-
tee the global attractivity of positive periodic solutions are obtained. We first give the
definition of global attractivity.

Definition 3.1 A positive periodic solution {(x∗
1 (n), x∗

2 (n))	} of system (1.6) is said
to be globally attractive if each other solution {(x1(n), x2(n))	} of (1.6) satisfies

lim
n→+∞ |x1(n) − x∗

1 (n)| = 0, lim
n→+∞ |x2(n) − x∗

2 (n)| = 0.

Theorem 3.2 In addition to assumption (3.1), assume further that there exists a pos-
itive constant η such that

min
{

al
ii ,

2

Mi
− au

ii

}
− au

ji − M j (M + 1)(bu
i ku

j + bu
j ku

i ) ≥ η (3.14)

for i, j = 1, 2 and i 
= j . Then the positive periodic solution of system (1.6) is globally
attractive.

Proof Let {(x∗
1 (n), x∗

2 (n))	} be a positive periodic solution of (1.6), we prove below
that it is globally attractive.

We first let V11(n) = ∣∣ ln x1(n) − ln x∗
1 (n)

∣∣, then it follows from the first equation
of (1.6) that

V11(n + 1) = ∣∣ ln x1(n + 1) − ln x∗
1 (n + 1)

∣∣
=
∣∣∣∣∣∣
⎡
⎣ ln x1(n) + r1(n) − a11(n)x1(n) − a12(n)x2(n)

−b1(n)x1(n)

M∑
p=0

k2(p)x2(n − p)

⎤
⎦

−
⎡
⎣ ln x∗

1 (n) + r1(n) − a11(n)x∗
1 (n) − a12(n)x∗

2 (n)

−b1(n)x∗
1 (n)

M∑
p=0

k2(p)x∗
2 (n − p)

⎤
⎦
∣∣∣∣∣∣

≤ | ln x1(n) − ln x∗
1 (n) − a11(n)[x1(n) − x∗

1 (n)]|
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+a12(n)
∣∣x2(n) − x∗

2 (n)
∣∣+ b1(n)

M∑
p=0

k2(p)
∣∣x1(n)x2(n − p)

−x∗
1 (n)x∗

2 (n − p)
∣∣. (3.15)

Applying the mean value theorem, we get

x1(n) − x∗
1 (n) = eln x1(n) − eln x∗

1 (n) = θ1(n)[ln x1(n) − ln x∗
1 (n)],

that is,

ln x1(n) − ln x∗
1 (n) = 1

θ1(n)
[x1(n) − x∗

1 (n)],

where θ1(n) lies between x1(n) and x∗
1 (n). Then we have

∣∣ ln x1(n) − ln x∗
1 (n) − a11(n)[x1(n) − x∗

1 (n)]∣∣
= ∣∣ ln x1(n) − ln x∗

1 (n)
∣∣− ∣∣ ln x1(n) − ln x∗

1 (n)
∣∣

+| ln x1(n) − ln x∗
1 (n) − a11(n)[x1(n) − x∗

1 (n)]|
= ∣∣ ln x1(n) − ln x∗

1 (n)
∣∣− 1

θ1(n)

∣∣x1(n) − x∗
1 (n)

∣∣
+| 1

θ1(n)
[x1(n) − x∗

1 (n)] − a11(n)[x1(n) − x∗
1 (n)]|

= ∣∣ ln x1(n) − ln x∗
1 (n)

∣∣− 1

θ1(n)

∣∣x1(n) − x∗
1 (n)

∣∣+ ∣∣ 1

θ1(n)

−a11(n)
∣∣× ∣∣x1(n) − x∗

1 (n)
∣∣

= ∣∣ ln x1(n) − ln x∗
1 (n)

∣∣− ( 1

θ1(n)
−
∣∣∣ 1

θ1(n)

−a11(n)

∣∣∣)× ∣∣x1(n) − x∗
1 (n)

∣∣. (3.16)

And hence it follows from (3.15) and (3.16) that

�V11(n) = V11(n + 1) − V11(n)

≤ −
( 1

θ1(n)
−
∣∣∣ 1

θ1(n)
− a11(n)

∣∣∣)× ∣∣x1(n) − x∗
1 (n)

∣∣
+a12(n)

∣∣x2(n) − x∗
2 (n)

∣∣+ b1(n)

M∑
p=0

k2(p)|x1(n)x2(n − p)

−x∗
1 (n)x∗

2 (n − p)
∣∣. (3.17)

According to (2.3) and (2.4), for any positive constant ε, there exists an n0 ∈ Z
+ such

that x1(n) ≤ M1 +ε, x2(n) ≤ M2 +ε for n ≥ n0. Therefore, for all n ≥ n0 + M, p =
0, 1, 2, . . . , M , we can obtain that
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|x1(n)x2(n − p) − x∗
1 (n)x∗

2 (n − p)|
= |x1(n)x2(n − p) − x1(n)x∗

2 (n − p) + x1(n)x∗
2 (n − p) − x∗

1 (n)x∗
2 (n − p)|

= |x1(n)[x2(n − p) − x∗
2 (n − p)] + x∗

2 (n − p)[x1(n) − x∗
1 (n)]|

≤ (M1 + ε)|x2(n − p) − x∗
2 (n − p)| + (M2 + ε)|x1(n) − x∗

1 (n)|.

Then, for all n ≥ n0 + M , (3.17) can be rewritten as

�V11(n) = V11(n + 1) − V11(n)

≤ −
( 1

θ1(n)
−
∣∣∣ 1

θ1(n)
− a11(n)

∣∣∣
−b1(n)(M2 + ε)

M∑
p=0

k2(p)
)

× ∣∣x1(n) − x∗
1 (n)

∣∣
+a12(n)

∣∣x2(n) − x∗
2 (n)

∣∣
+b1(n)(M1 + ε)

M∑
p=0

k2(p)
∣∣x2(n − p) − x∗

2 (n − p)
∣∣. (3.18)

Next, we let

V12(n) =
M∑

p=0

n−1∑
s=n−p

b1(s + p)(M1 + ε)k2(p)
∣∣x2(s) − x∗

2 (s)
∣∣.

By a simple calculation, it derives that

�V12(n) = V12(n + 1) − V12(n)

=
M∑

p=0

n∑
s=n+1−p

b1(s + p)(M1 + ε)k2(p)
∣∣x2(s) − x∗

2 (s)
∣∣

−
M∑

p=0

n−1∑
s=n−p

b1(s + p)(M1 + ε)k2(p)
∣∣x2(s) − x∗

2 (s)
∣∣

=
M∑

p=0

n−1∑
s=n+1−p

b1(s + p)(M1 + ε)k2(p)
∣∣x2(s) − x∗

2 (s)
∣∣

+
M∑

p=0

b1(n + p)(M1 + ε)k2(p)
∣∣x2(n) − x∗

2 (n)
∣∣

−
M∑

p=0

n−1∑
s=n+1−p

b1(s + p)(M1 + ε)k2(p)
∣∣x2(s) − x∗

2 (s)
∣∣
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−
M∑

p=0

b1(n)(M1 + ε)k2(p)
∣∣x2(n − p) − x∗

2 (n − p)
∣∣

=
M∑

p=0

b1(n + p)(M1 + ε)k2(p)
∣∣x2(n) − x∗

2 (n)
∣∣

−
M∑

p=0

b1(n)(M1 + ε)k2(p)
∣∣x2(n − p) − x∗

2 (n − p)
∣∣. (3.19)

We can define V1(n) = V11(n) + V12(n), thus it follows from (3.18) and (3.19) for
all n ≥ n0 + M that

�V1(n) = �V11(n) + �V12(n)

≤ −
( 1

θ1(n)
−
∣∣∣ 1

θ1(n)
−a11(n)

∣∣∣−b1(n)(M2+ε)

M∑
p=0

k2(p)
)

× ∣∣x1(n)−x∗
1 (n)

∣∣

+
⎡
⎣a12(n)+

M∑
p=0

b1(n+p)(M1+ε)k2(p)

⎤
⎦× ∣∣x2(n)−x∗

2 (n)
∣∣. (3.20)

Similar to above argument, we can define V2(n) = V21(n) + V22(n), where

V21(n) = ∣∣ ln x2(n) − ln x∗
2 (n)

∣∣,
V22(n) =

M∑
p=0

n−1∑
s=n−p

b2(s + p)(M2 + ε)k1(p)
∣∣x1(s) − x∗

1 (s)
∣∣.

Then for all n ≥ n0 + M , it is easy to obtain that

�V2(n) = �V21(n) + �V22(n)

≤ −
⎛
⎝ 1

θ2(n)
−
∣∣∣ 1

θ2(n)
−a22(n)

∣∣∣−b2(n)(M1+ε)

M∑
p=0

k1(p)

⎞
⎠× ∣∣x2(n)−x∗

2 (n)
∣∣

+
⎡
⎣a21(n)+

M∑
p=0

b2(n+p)(M2+ε)k1(p)

⎤
⎦× ∣∣x1(n)−x∗

1 (n)
∣∣, (3.21)

where θ2(n) lies between x2(n) and x∗
2 (n).

Now, we are in a position to define V (n) = V1(n) + V2(n). Obviously, V (n) ≥ 0
for all n ∈ Z and V (n0 + M) < +∞. For the arbitrariness of ε, in view of (3.14), we
can choose a small enough ε > 0 such that

min
{

al
ii ,

2

Mi + ε
− au

ii

}
− au

ji − (M j + ε)(M + 1)(bu
i ku

j + bu
j ku

i ) ≥ η (3.22)
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for i, j = 1, 2 and i 
= j . Therefore, combining (3.20) and (3.21), for all n ≥ n0 + M ,
we have

�V (n) = �V1(n) + �V2(n) ≤ −
2∑

i=1

⎧⎨
⎩ 1

θi (n)
−
∣∣∣ 1

θi (n)
− aii (n)

∣∣∣

−a ji (n) − bi (n)(M j + ε)

M∑
p=0

k j (p) −
M∑

p=0

b j (n + p)ki (p)(M j + ε)

⎫⎬
⎭

×∣∣xi (n) − x∗
i (n)

∣∣ ≤ −
2∑

i=1

{
min

{
al

ii ,
2

Mi + ε
− au

ii

}− au
ji

−(M j + ε)(M + 1)(bu
i ku

j + bu
j ku

i )
}∣∣xi (n) − x∗

i (n)
∣∣

≤ −η

2∑
i=1

∣∣xi (n) − x∗
i (n)

∣∣, i, j = 1, 2 and i 
= j. (3.23)

Summing both sides of (3.23) from n0 + M to n, it derives that

n∑
k=n0+M

�V (k) =
n∑

k=n0+M

[V (k + 1) − V (k)] ≤ −η

n∑
k=n0+M

2∑
i=1

∣∣xi (k) − x∗
i (k)

∣∣,
which implies,

V (n + 1) + η

n∑
k=n0+M

2∑
i=1

∣∣xi (k) − x∗
i (k)

∣∣ ≤ V (0).

It follows that

n∑
k=n0+M

2∑
i=1

∣∣xi (k) − x∗
i (k)

∣∣ ≤ V (0)

η
.

By the fundamental theorem of positive series, we can derive that

∞∑
k=n0+M

2∑
i=1

∣∣xi (k) − x∗
i (k)

∣∣ ≤ V (0)

η
< +∞,

that is,

lim
n→+∞

2∑
i=1

∣∣xi (n) − x∗
i (n)

∣∣ = 0,
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Fig. 1 Permanence of system (4.1) with {(x1(−1), x2(−1))	} = {(0.35, 0.32)	} and {(x1(0), x2(0))	} =
{(0.14, 0.22)	}. a Time-series of x1. b Time-series of x2

and we can easily see that

lim
n→+∞

∣∣x1(n) − x∗
1 (n)

∣∣ = 0, lim
n→+∞

∣∣x2(n) − x∗
2 (n)

∣∣ = 0,

which implies {(x∗
1 (n), x∗

2 (n))	} is globally attractive. This completes the proof. ��

4 Example and numerical simulation

In this paper, we investigate the dynamic behaviors of a non-autonomous two species
delay difference system of plankton allelopathy, such as permanence, existence and
global attractivity of positive periodic solutions. In the following, we will give two
examples to illustrate the feasibility of our results in Theorems 2.1, 3.1 and 3.2.

Example 4.1 Consider the following system

⎧⎪⎪⎨
⎪⎪⎩

x1(n+1) = x1(n) exp {0.85+0.04 sin n − (1.83+0.02 sin n)x1(n)

−(0.03+0.01 sin n)x2(n) − (0.1+0.01 sin n)x1(n) [0.83x2(n)+0.83x2(n − 1)]} ,

x2(n+1) = x2(n) exp {0.80+0.01 sin n − (0.02+0.01 sin n)x1(n)

−(0.70+0.03 sin n)x2(n) − (0.2+0.01 sin n)x2(n) [0.73x1(n)+0.73x1(n − 1)]} .

(4.1)

By a simple calculation, we have

rl
1 − au

12 M2 ≈ 0.7606 > 0, rl
2 − au

21 M1 ≈ 0.7752 > 0,

�1 M1 ≈ 1.3504 > 1, �2 M2 ≈ 1.4040 > 1.

According to Theorem 2.1, system (4.1) is permanent (see Fig. 1).
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Fig. 2 Dynamic behaviors of system (4.2) with {(x∗
1 (−1), x∗

2 (−1))	} = {(0.52, 0.63)	} and {(x∗
1 (0),

x∗
2 (0))	} = {(0.80, 0.52)	}. a Time-series of x∗

1 . b Time-series of x∗
2 . c Phase portrait of x∗

1 and x∗
2 with

n over [20, 40]

Example 4.2 Consider the following periodic system

⎧⎪⎪⎨
⎪⎪⎩

x1(n+1) = x1(n) exp {0.85+0.04 cos πn−(0.83+0.02 cos πn)x1(n)

−(0.03+0.01 cos πn)x2(n)−(0.1+0.01 cos πn)x1(n) [0.83x2(n)+0.83x2(n−1)]},
x2(n+1) = x2(n) exp {0.80+0.01 cos πn−(0.02+0.01 cos πn)x1(n)

−(0.70+0.03 cos πn)x2(n)−(0.2+0.01 cos πn)x2(n) [0.73x1(n)+0.73x1(n−1)]}.
(4.2)

Clearly,

ā11

ā21
≈ 42.5000 ≥ min

{
b̄1
∑M

p=0 k2(p)

b̄2
∑M

p=0 k1(p)
,

r̄1

r̄2
e2r̄1ω

}
≈ 0.5685,

ā22

ā12
≈ 23.3333 ≥ min

{
b̄2
∑M

p=0 k1(p)

b̄1
∑M

p=0 k2(p)
,

r̄2

r̄1
e2r̄2ω

}
≈ 1.7590,

min
{

al
11,

2

M1
− au

11

}
− au

21 − M2(M + 1)(bu
1 ku

2 + bu
2 ku

1 ) ≈ 0.1366 > 0,

min
{

al
22,

2

M2
− au

22

}
− au

12 − M1(M + 1)(bu
2 ku

1 + bu
1 ku

2 ) ≈ 0.0890 > 0.
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Fig. 3 Dynamic behaviors of system (4.2) with different initial values. a Time-series of x∗
1 with

x∗
1 (−1) = 0.7, x∗

1 (0) = 0.82 and x1 with x1(−1) = 0.9, x1(0) = 0.8. b Time-series of x∗
2 with

x∗
2 (−1) = 0.5, x∗

2 (0) = 0.6 and x2 with x2(−1) = 1.0, x2(0) = 0.55

According to Theorems 3.1 and 3.2, system (4.2) has one positive 2-periodic solu-
tion {(x∗

1 (n), x∗
2 (n))	} (see Fig. 2), which is globally attractive (see Fig. 3). That is,

any positive solution {(x1(n), x2(n))	} tends to {(x∗
1 (n), x∗

2 (n))	}. From Fig. 3(a) and
Fig. 3(b), we can see that x1(n) and x2(n) tend to x∗

1 (n) and x∗
2 (n), respectively.
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